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TIME-HARMONIC MAXWELL EQUATIONS 
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Abstract. In this paper we prove uniqueness for an inverse boundary value 
problem (IBVP) arising in electrodynamics. We assume that the electromag- 
netic properties of the medium, namely the magnetic permeability, the electric 
permittivity and the conductivity, are described by continuously diffcrcntiablc 
functions. 
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1. Introduction 

Let f2 be a bounded non-empty open subset of R 3 with boundary denoted by 
dfl. Consider functions n,e,a £ L°°(f2), representing magnetic permeability, elec- 
tric permittivity and conductivity respectively, such that fj,(x) > fio, s(x) > So, 
<j{x) > almost everywhere in Q for positive constants /xn and Eq. At frequency 
uj > 0, for each medium characterized by (jj,, e, cr), we have access to all available 
data of the boundary tangential components of electric and magnetic fields. More 
specifically, we have access to the Cauchy data set C(/i, e, a; Li) consisting of all 
boundary graded forms f 1 + f 2 e TH s (dVL; A 1 E 3 ) © TH d (dn-, A 2 R 3 ) (see Appen- 
dix A for the definitions of these spaces and results related to l-forms) such that 
there exists u 1 + u 2 G H d (D,] A 1 R 3 ) © H s (tt; A 2 R 3 ) satisfying 

(1.1) Su 2 + iuteu 1 — du 1 + iu[iu 2 = au 1 
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almost everywhere in f2 and 

(1.2) Str^ + dtru 1 = f 1 + f 2 

in the sense of TH s (dfl; A 1 ^ 3 ) TH d (dfl; A 2 M 3 ). Here u 1 is the 1-form represen- 
tation of the electric field and u 2 is the 2-form representation of the magnetic field. 
It is worth to point out that the graded equations (1.1) and (1.2) are equivalent to 
the following systems of time-harmonic Maxwell equations 

Su + iujeu 1 = au l 

du 1 — iujfiu 2 = 

almost every where in fi and 

Stru 2 = f 1 
dtru 1 = f 

in the sense of the space TH s (dil.]A 1 M. 3 ) for the 1-form equation and in the sense 
of TH d (dfl; A 2 R 3 ) for the 2-form equation. Throughout this paper, we follow for 
convenience the graded form notation rather than the Z-form system. 

We are interested in the inverse boundary value problem (IBVP for short) of 
recovering fi,£,<r E L°°(S!) from the knowledge of C(/j,,e,<t;oj). This problem is 
just a reformulation in differential forms of the usual IBVP for the time-harmonic 
Maxwell equations proposed in [20] , where dfl was smooth enough, the electromag- 
netic fields (E, H) satisfied 

r V x E — iujfiH = 

[VxH + iu(e + icr/w)E = 

almost everywhere in f2 and the Cauchy set C(/x, e, <r; uj) consisted of pairs (y x 
E| an , v x H| an ) G TH^(dQ) x TH^dM) (see [20] for precise definitions) with v 
denoting the unit outer normal vector to <90. The uniqueness question associated 
to this problem is as follows. Given a frequency u) > and two sets of parameters 
{fij,Ej,<7j} C L°°(n) with j £ {1,2} such that ^j{x) > /x , £j(x) > en, > 

almost everywhere in 17, does C(pi, £\, <J\) uj) = C(/i2, £2, u) imply /ii = /12, 
£1 = £2 and (Ti = (T2? 

In this paper we provide the answer to this question in the case that D, is lo- 
cally described by the graph of a Lipschitz function and (J-,£,cr are continuously 
differentiable in f2. It is stated as the following main theorem. 

Theorem 1.1. Let fl be a bounded non-empty open subset of R 3 . Assume that 
dil is locally described by the graph of a Lipschitz function. Let fij, Ej and Oj 
with j S {1,2} belong to C 1 (ri). At frequency w > 0, suppose d a /j,i(x) — d a ^2{x), 
d a £ X {x) = d a e 2 (x) and d a a 1 (x) = d a a 2 (x) for a € N 3 with \a\ < 1 and all x G dfl, 
then 

C(/ii,ei,CTi,a;) = C(^2,£2,cr 2 , uj) ^1 = A*2,£i = £2 and ai = cr 2 . 

A precise definition of the space denoted by C 1 (fi) is given at the beginning 
of Section 3. Our result assumes the coefficients to be equal up to order one on 
the boundary. This is required to extend them identically outside the domain. As 
fas as we know, the only available results about uniqueness on the boundary in 
this context are due to Joshi and McDowall, where dil is assumed to be locally 
described by a smooth function and the Cauchy data sets are given by the graph 
of a bounded map (see [15] and [12]). 

The IBVP considered in this paper was first proposed by Somersalo, Isaacson and 
Cheney in [20]. In [14] Lassas found a relation between this IBVP and the inverse 
conductivity problem proposed by Calderon in [4]. In general terms, the latter 
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problem can be seen as low-frequency limit of the former one. Calderon's problem 
in Electrical Impedance Tomography consists in reconstructing the conductivity 
of a domain by measuring electric voltages and currents on the boundary. The 
uniqueness question arising in this problem is whether the conductivity a (a € 
L°°(n) and cr(x) > oq > for almost every x € S7), in a divergence type equation 
V ■ (erVit) = in O, can be determined uniquely by the boundary Dirichlet-to- 
Neumann map A a : H 1 (O)/if x (ft) — ► (i? x (0)/lf^(0))* defined as 

{Kf\g) = / ffVu ■ Vvdx 

for any /, g 6 i? 1 (i7) / Hq(TI), where u <E 1 (SI) is the weak solution of the conduc- 
tivity equation V • (aVu) — in ft with u\qq — f and v € i? 1 (fi) with v\qq = g. A 
significant number of works have been devoted to answering not only the question 
of uniqueness but also the questions of reconstruction and stability. The most suc- 
cessful approach to treat this problem was introduced by Sylvester and Uhlmann 
in [23] and it is based on the construction of complex geometrical optics (CGO) 
solutions. In dimension 2, the problem is rather well understood and some im- 
portant results are [2], [9] and [17]. In dimension greater than 2, there are still 
many open questions about the sharp smoothness to ensure uniqueness, stability 
and reconstruction. Some important results are [10], [23], [16] and [1]. For a more 
complete list of papers on this problem, we refer the readers to the survey papers 
[24] and [25]. 

The literature for the IBVP in electrodynamics under consideration is not as 
extensive as for Calderon's problem. The first partial results are due to Somer- 
salo et al in [20] , for the linearization of the problem at constant electromagnetic 
parameters, and Sun and Uhlmann in [22], providing a local uniqueness theorem. 
The first global uniqueness result is due to Ola, Paivarinta and Somersalo in [18], 
where they assume that the electromagnetic coefficients are C 3 -functions and dVt 
is of class C 1,1 . They also provided a reconstruction algorithm to recover the coef- 
ficients. The arguments in [18] are rather complicate since the method developed 
by Sylvester and Uhlmann in [23] does not immediately apply. The lack of ellip- 
ticity of Maxwell's equations makes the problem more complicate than Calderon's. 
In [19], Ola and Somersalo simplified the proof in [18] by establishing a relation 
between Maxwell's equations and a matrix Hclmholtz equation with a potential. 
This relation helps to deal with the lack of ellipticity allowing them to produce ex- 
ponential growing solutions for Maxwell's equations from the CGOs for the matrix 
Helmholtz equation. This idea has been extensively used in proving many other 
results and it will be used in this paper as well. There are other results related to 
the IBVP under consideration in the literature. Kenig, Salo and Uhlmann proved 
uniqueness for the corresponding IBVP in some non-euclidean geometries (see [13]). 
With certain type of partial boundary data, the uniqueness was addressed in [5] 
by Caro, Ola and Salo (see also [7]). The question of stability has been studied by 
Caro in [6] assuming full data and in [7] assuming partial data. In [26], Zhou used 
the enclosure method to reconstruct electromagnetic obstacles. 

In our paper, Theorem 1.1 lowers significantly the regularity of the coefficients 
and the smoothness of the boundary of Cl assumeded in previous results (despite 
that domains with Lipschitz boundaries were already considered in [6]) and it 
matches the one assumed in [10] for Calderon's problem. 

The general line of our paper follows the argument in [19], relating equation (1.1) 
with an equation given by a compactly supported zeroth order perturbation of the 
graded Hodge-Helmholtz operator, namely 



(1.3) 



(5d + dS — u) 2 /j,o£o)wj + QjWj = 0, 



4 



where Qj — Q{ej + ioj /w, with j £ {1,2} has to be thought of as a weak 

potential containing second partial derivatives of fij , Sj and <jj . Using this relation, 
we are able to prove an integral formula as 

'v 2 )=0 



(1.4) ((Q2-Qi)w 

where w\ is a solution to (1.3) that produces a solution to (1.1) and v 2 is a solution 
to a first order elliptic equation (see Section 3 for more details). This integral 
formula, with CGOs w\ and v 2 as inputs, will be the starting point of our proof. 

To lower the regularity of the electromagnetic parameters, we adopt a recent 
improvement of Sylvester and Uhlmann's method that Haberman and Tataru de- 
veloped in [10] to prove uniqueness of the Calderon problem with continuously 
diffcrcntiable conductivities. For such regularity, solving conductivity equation can 
be reduced to solving a Schrodinger equation — Av+m q v — 0, where m q denotes the 
multiplication operator by the compactly supported weak potential q = A yfa j yja. 
Note that this reduction was first used by Sylvester and Uhlmann for smooth con- 
ductivities (see [23]) and later by Brown in [3] for less regular conductivities, all 
followed by the construction of CGOs in proper function spaces. In [10], Haberman 
and Tataru proved the existence of CGO solutions v(x) = e x '^(l + iPq(x)) with 
C G C" and C • C — to the Schrodinger equation. Roughly speaking, the construc- 
tion is based on solving the equation — (A + 2(- V)V>c -\-m q ipQ = in a Bourgain-type 
space X? whose norm includes the potential |pc(£)| 2fl = ||£| 2 — 2i£ • £\ 2b as a weight. 
In this way, the ^-dependence is transferred into the space norms and it is shown 
in [10] 

\\(A + 2(-V)~ 1 \\ A -l/2^j c l/2 = 1, ||TO g ||^l/2^-l/2 < 1, 

which guarantee the convergence of the Neumann series for ip^. Furthermore, they 
obtained an average decaying property for \\ipA\ from which they deduced the 

existence of a sequence {C m } such that {?/>c m } vanishes as m grows. 

In this paper, we adopt the idea and several of the estimates in [10] to construct 
the CGOs wi and v 2 with desired properties. Nevertheless, we avoid the argument 
of extracting the sequence of {C m }, and use directly the decay in average. This 
has been previously done in [8] by Caro, Garcia and Reyes to prove stability of the 
Calderon problem for C 1,£ -conductivities. When plugging the CGOs w\ and v 2 , the 
output of (1.4) will be certain non-linear relations of e\ + iai/uj, fix, e 2 + ia 2 /iv and 
\x 2 involving second weak partial derivatives of the coefficients. Thus, to conclude 
the proof of our theorem we will need a unique continuation property for a system 
of the form 

-A/ + Vf + af + bg = 
-Ag + Wg + eg + df = 0, 

where a, b, c and d are compactly supported and belong to L°°(R 3 ) while V and W 
are again weak potentials. We will again apply the argument with Bourgain-type 
spaces to prove the required unique continuation property, which seems not to be 
available in the literature. 

The paper is organized as follows. In Section 2 we show the relation between 
(1.1) and (1.3). The proof of the integral formula (1.4) is given in Section 3. The 
CGO solutions are constructed in Section 4, where we will directly refer several 
times the estimates proven in [10] rather than listing them in the paper. In Section 
5, we complete our proof by plugging the CGOs into (1.4) and using the unique 
continuation principle that we will derive. An appendix is provided at the end 
of the paper, gathering basic facts and notations in the framework of differential 
forms, as well including some technical computations for the electromagnetic IB VP. 
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2. An auxiliary graded equation 

In this section we establish a relation between 

Su 2 + iueu 1 — du 1 + iuj/iu 2 = au 1 

and an auxiliary graded Hodge-Hclmholtz equation with zeroth order perturba- 
tion (following the idea in [19]), which allows the construction of CGOs. For our 
purposes, it would be enough to have solutions in f2, but for convenience we will 
conduct our analysis in the whole R 3 . This gives us certain freedom in extending 
the coefficients outside f2. Thus, set B — {x € R 3 : \x\ < R} with R > such that 
Q C B. Let oj, Ho and eo be three positive constants. At this point, we consider 
fi, e and a in W 1,0 °(M. 3 ), the space of measurable functions modulo those vanishing 
almost everywhere such that themselves and their first weak partial derivatives are 
essentially bounded in R 3 . Furthermore, we assume that //, e and a are real- valued, 

supp(/i — no) C B, supp(e — Eq) C B, supp(er) C B 

and /i(cc) > /^Oi e ( x ) > £ o, a i x ) ^ f° r almost every x in R 3 . For simplicity, write 
7 = e + ia/oj. It is sufficient for us, to produce weak solutions to 

(2.1) Su 2 + iuiju 1 — du 1 + iujfiu 2 = 

in R 3 , namely, forms u 1 + u 2 with u l <E L 2 oc (R 3 ; A'R 3 ) satisfying 



(Su 2 + iujju 1 — du 1 + iui^u 2 ip 1 + tp 2 ^ 



= 



for all (f 1 + (p 2 with ip 1 £ Cg°(R 3 ; A'R 3 ). Here (.|.) denotes the duality bracket for 
distributions. 

In order to derive the auxiliary equation, we augment (2.1) by adding 
-j- 1 5(ju 1 )+ ^difiu 2 ) = 0, 
which is derived directly from (2.1). 



Next, we consider an equation of the graded form J2i=o u where u € Lf oc (R 3 ; A 
— 7~ 1 (5(7« 1 ) + loo/Ail + /i _1 c?(/iu°) + Su 2 + iuiju 1 
— 7~ 1 <5(7u 3 ) — du 1 + i(jj[j,u 2 + /i _1 d(^,w 2 ) + iuiju 3 = 0. 
After rescaling using a Liouville-type transformation, we obtain 

-j-^Siju 1 ) + ^7 17 V + H- 1/2 d(fiu°) + fi 1/2 Su 2 + iu-y^u 1 
-j- 1/2 5(~fu 3 ) - y 1 / 2 du 1 + iujj 1/2 nu 2 + fi- 1/2 d( f m 2 ) + iujjH 1/2 u 3 = 0. 

Throughout this paper (-) 1 / 2 will denote the branch of the square root which is 
holomorphic inC\{zgR:z<0}. If we now set 
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/i i/V + 7 1 /V+M 1/ V+ 7 1 /V, 



we end up with the equation 
(2.2) P(d + S; 1 ,fi,u})v = 0, 
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where 



P(d + 8; 7, fj,, lu)v =(d + 6) ^(-1)V + da A v 1 + da V (t; 1 + v 3 ) 



1=0 



+ db A 0° + v 2 ) -dbV v 2 + iuj 1/2 [i 1/2 v, 

a = \ log 7 and b = \ log/z. Again, log(.) will denote the branch of the logarithm 
which is holomorphic in C \ {z 6 R : z < 0}. The key point of this derivation is 



- 3 ,J 



to note that v = J2a v l with v l G Lf oc (K 3 ; A Z M 3 ) is a weak solution of (2.2) in 



(that is, for every (p = Y,o<P l with p l G C£°(R 3 ; A Z R 3 ), 

(P(d+6;i,fi,u)v\<p} =0 

with (.|.) denoting the duality bracket for distributions) and v° + v 3 = if, and 
only if, u 1 + u 2 = 7~ 1 / 2 u 1 + pL~ x l 2 v 2 with u l G L 2 oc (R 3 ; A'R 3 ) is a weak solution of 
(2.1) in R 3 . For convenience, let us define operator 

3 

P(d + <5; 7 ,^,u;)*u; :=(d + 6) ^(-1)'+V + db A w 1 + db V (w 1 + w 3 ) 

+ da A (w° + w 2 ) -daVw 2 + iw7 1/2 ^ 1/2 u; 

for w = ^qW ! with w l G Hf oc (R 3 ; A l R 3 ) n Hf oc (R 3 ; A l R 3 ) . Note that P(d + 
6; 7, /i, ll>Y is the formally transpose of P(d + 5; 7, (i, uj). 

Due to the Liouville type transformation we chose, it can be verified that P(d + 
5; 7, fx,u>) o P{d + <5; 7, /1, u>) is a zeroth order perturbation of the graded Hodge- 
Helmholtz operator. Set, for any graded forms w = w l and tp = (p l with 
w l ,(p l G £r^ c (R 3 ;A'R 3 ), 

(Q(7, /i, w)w ip) = - uJ 2 ("ffi - eoMo) (w, da; 
^2a;d( 7 1/2 M 1/2 ) V (w 1 + w 3 ) + i2wd(7 1 / 2 /i 1/2 ) A (w° + w 2 ), p\ dx 
(2.4) f / (da, da) (w° + w 2 ,p° + p 2 ) + (db,db) (w 1 + w 3 ,^ 1 + ip 3 ) dx 

(da, d (-w° + w 2 ,tp° + ip 2 )) + (db, d (w 1 - w 3 , ip 1 + tp 3 )) dx 
+ [ (db^^w 1 (Dp 1 )) dx+ [ (da,D*{*w 2 Q*p 2 )) dx. 



Proposition 2.1. Let w — J^o wl ^ e a graded form with w l G C (R 3 ; A'R 3 ) and 
assume that 

(2.5) / (5w, Sip) + (dw, dp) — w 2 £o/zo {w,p) dx + ( Q{-/, fi, uj) w p ) = 

for all p = Y? p l with p l G C* °°(R 3 ; A'R 3 ). Then, v = J^ Q v l defined by 

(2.6) v = P{d + 5;i,ii,uj) t w 

is a weak solution to (2.2) in R 3 and v l G ff^R 3 ; A ; R 3 ). 



Proof. We first prove that v is a weak solution to (2.2). Since ir £ L 2 oc (R 3 ; 
it is enough to show that 



(2.7) 



(P(d + 5; 7, pi, uifw, P(d + 5; 7, /1, u>) t p) dx 



(Sw, Sp) + (dw, dip) — cu 2 EoHo {w, p) dx + ( Q(j, fJ., u))w 



To check this, by direct computations the first four terms in the left hand side are 

/ ((d+6)j2(-i) l+1 ™ l Ad+sy 

(2.8) 



3 3 

/ ((d+S) ]T(-l) i+ V, (d + S) <T(-l) l+1 V l ) dx 

Jr3 1=0 2=0 



{Sw, Sip) + {dw, dp) dx, 



(2.9) 



(iui^j 1 / 2 ^^w, iu^ 1 ! 2 n^^p^j dx = — / w 2 7/i {w, p) dx, 



(2.10) 



and 



r 3 

/ ((d + <S) V (-i)' + V, iun 1/2 » 1/2 <p) dx 

t=o X 

3 

iw 7 1/2 |« 1/2 ^, (d + (5) £ (-l) i+ V') 

1=0 

iwd( 7 1 /V 1/2 ) V (w 1 + w 3 ) + iujd(j 1/2 fi 1/2 ) A (w° + w 2 ), tp\ dx 
+ I < ^d(7 1/2 M 1/2 ) Vi» 2 - iud(rf l/2 n 1/a ) A iu\ ^ dx 



(2.11) 



(d6 A w 1 + db V (w 1 + w 3 ) + da A (w° + w 2 ) - da V W 2 ,iu;^ 1/2 fj. 1/2 p>) 
+ (iw7 1/2 /i 1/2 w, db A p 1 + dbW (p 1 + p 3 ) + da A (93° + ip 2 ) - da V y 2 ) dx 
^d(7 X/ V /2 ) V {w 1 + w 3 ) + iud{~f 1/2 fi 1/2 ) A (w° + w 2 ), p\ dx 

iujd(j 1/2 n 1/2 ) Vw 2 - iujd(j 1/2 n 1/2 ) Aw\p^ dx. 
By Corollary A. 2, the fifth term gives 



(2.12) 



{db A w 1 + db V (w 1 + w 3 ) + da A (w° + w 2 ) - da V w 2 , 
db A p 1 + db V ((/3 1 + v? 3 ) + da A (y>° + p 2 ) - da V <^ 2 ) dx 
(da, da) (w° + w 2 , p° + p 2 ) + {db, db) (w 1 + w 3 ,p x + p 3 ) dx. 



By Proposition A. 6 the last term yields 

(db Aw 1 + do V (w 1 + w 3 ) + da A (w° + w 2 ) - da V w 2 , 



1=0 ' 1=0 

( 2 - 13 ) dbAtp 1 +dbV (ip 1 + ip 3 ) + da A {<p° + ip 2 ) - da V <^ 2 ) da; = 

= / (da, d (-w° + w 2 , ip° + ip 2 )) + (db, d (w 1 - w 3 , tp 1 + tp 3 )) dx 

JR 3 

+ [ (d^D^w 1 (Dtp 1 )) dx+ f (da,D*(*w 2 *tp 2 )) dx = 0. 



Summing up identities (2.8) through (2.13) gives identity (2.7). 

Next we prove that v l € Hl oc (R 3 ; A l R 3 ). From Corollary A. 2, it follows that 

, , / (l + l£| 2 )lxS(£)| 2 d£ 

(2.14) Jk3 

= Ix u IIl 2 (r 3 ; a ! r 3 ) + ||(5(x u )IIl 2 (r 3 ; a ! - 1 r 3 ) + N(x m )IIl 2 (r 3 ;A ! + 1 r 3 ) 

for any u £ Hf oc {R 3 ; A l R 3 ) n Hf oc (R 3 ; A l R 3 ) and any X € C§°{R 3 ). Therefore, it is 
enough to show that v l € Hf oc (R 3 ; A'lR 3 ) n Hf oc (R 3 ;K l R 3 ). To see this, note that 

Sv 1 £ Ll c (R 3 ;A°R 3 ), dv° + 6v 2 € Lf oc (R 3 ; A 1 R 3 ), 

dv 1 +5v 3 e Lf oc (M 3 ;A 2 IR 3 ), dv 2 e Lf oc (R 3 ; A 3 M 3 ). 

by the fact that v l € L 2 oc (M 3 ; A ( E 3 ) and that v is a weak solution of (2.2). Lemma 
A. 7 allows eventually to conclude the proof. □ 

Remark 2.2. Identity (2.7) holds even for <p = £o <p l with tp 1 <E H^ oc (R 3 ; A l R 3 ) . 

Similar calculation verifies that the same property holds for P(d + 8;^f,fi,ui) o 
P(d + 5; 7, /i, w) as stated in Proposition 2.3. Define 

(Q(p/,fi,u)w ip) = - ^ w 2 (7/i - £ ^o) (io,<p) dx 

+ / (-i2wd( 7 1/2 /i 1/2 ) V w 2 + i2wd( 7 1/2 /i 1/2 ) A w\ ip) dx 
JR 3 \ ' 

(2.15) + j (db, db) (w° +w 2 ,ip° + ip 2 ) + (da, da) (w 1 + w 3 , tp 1 + ip 3 ) dx 
+ [ (db, d (w° - w 2 , ^ + ip 2 )) + (da, d (-w 1 + w 3 , ip 1 + p 3 )) dx 



(da,D*{w 1 Qip 1 )) dx - / (db, D*(*w 2 *ip 2 )) dx = 0, 
Jr 3 

for w = wl and <P = Eo <P l with w l ,(p l e H\ oc (R 3 ; A l R 3 ). 

Proposition 2.3. Let w = Y% w l he a graded form with w l £ H^ oc (R 3 ; A l R 3 ) and 
assume that 

(2.16) / (Sw, Sip) + (dw, dip) — w 2 £o/zo (w, ip) dx + ( Q(^, /a oj)w ip) — 

JR 3 ^ ' 

for all ip = J2l l P l with <P l e Cg°(R 3 ;A l R 3 ). Then, v = J^l v l defined by 

v = P(d + 8; 7, /j, uj)w 

is a weak solution of 

P(d + 6;j,n,uj) t v = Q 
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in R 3 and v l E ff^R 3 ; A'R 3 ). 

Recall that v = Y,o vl with yl € £f oc (R 3 ; A ; R 3 ) is a weak solution to (2.2) and 
satisfies u° + v 3 = in R 3 if and only if that u 1 + u 2 = ~f~ 1 / 2 v 1 + ur x l 2 v 2 with 
u l e Lf oc (R 3 ;A l R 3 ) is a weak solution of (2.1) in R 3 . We finish this section by 
singling out the equation of v° + v 3 from (2.16), which is used later to show the 
CGOs we will construct in Section 4 satisfy v° + v 3 = 0. 

Proposition 2.4. Let v = Y%v l with w ' £ ^^(R 3 ; A ; R 3 ) satisfy 

P(d + 5;j,fx,oj)v = 

in any bounded open subset of R 3 , then for any tp = ip° + ip 3 with ip l belonging 
C °° (R 3 ; A'R 3 ) we have that 



(2.17) 
where 



(6{v° + v 3 ), Sep) + (d(v° + v 3 ),dcp) - Lj 2 e Q Ho (v° + v 3 , ip) dx 
+ ^( 7 ,^,w)(w°+w 3 )|^) =0, 



((Z(7,Ai,u;)(u + v 3 ) <p) = - / oj 2 (jfx-£ n )(v + v 3 ,cp) dx 

(db, db) (v°, if ) + (da, da) (v 3 , ip 3 ) + (db, d (v",p )) + (da, d (v 3 , p 3 )) dx. 

Proof. This is immediate from Proposition 2.3 and the fact that Q(j, decou- 
ples for v° + v 3 . □ 

3. An integral formula 

In this section we provide an integral formula that serves as the starting point 
to prove uniqueness of the IBVP. To do this, we exploit the computations which 
allow to produce solutions for (2.1) from solutions of (2.5) (see Proposition 2.1 in 
Section 2). 

Let be a bounded non-empty open subset in R 3 whose boundary dfl can be 
locally described by the graph of a Lipschitz function. Throughout the rest of 
the paper, we assume that fij,Sj,aj belong to C 1 (fi) with j £ {1,2} such that 
fij(x) > u.Q, Ej(x) > Eq, o-j(x) > everywhere in fl Here we say that / is in C 1 (fi) 
if / : ft — > C is continuously differentiable in fi and its partial derivatives d a f are 
uniformly continuous in fi for a € N 3 and \a\ = 1 and 

(3.1) \d a f(x)\<C, Vxen, \a\<l, 

for certain positive constant C. The norm on C 1 (il), defined as the smallest con- 
stant C for which (3.1) hold, makes C 1 (fi) a Banach space. 

Consider C 3 = C(fij,Ej,aj;uj) the Cauchy data set associated to 
frequency to > 0. Write jj = Sj + iaj/uj and assume d a ^f\(x) = d a j2{x) and 
d a /j,i(x) = <9 Q /i2(x) for all x € dft and \a\ < 1. We can extend 1 jj and fij to 
continuously differentiable functions in R 3 , still denoted by jj and fij, such that 
\d a -f j {x)\ + \d a ^ j (x)\ < C, fij(x) > fio, ej(x) > e , a 3 (x) > for all x € R 3 , \a\ < 1 
and certain constant C > 0, 

supp(/ij - (to) C B, supp(7j - e ) C B 

where B = {x g R 3 : \x\ < R} D f2, and ji(x) = 72(2;) and fii(x) — fi>2(%) for all 
x £ R 3 \ 51. For convenience, we write dj = | log7j and bj = | log u.j. 



lr The extension is similar to the one carried out in Section 2 of [8] for C 1,e (f!) functions, where 
the authors referred to Chapter VI §2 of [21]. Instead, we refer to Chapter VI §4.7 of [21] for 
C 1 (f2) functions. 
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Proposition 3.1. Let w\ — Y^o w i be a graded form with w{ £ Hl oc (M. 3 ; A'R 3 ) 
satisfying 



(3.2) / (8wi,6ip) + (dw!,dip) - w 2 e Mo (wi,<p) dx + (Q^i, n\,u)w x <p\ = 0, 
for all Lp = Y? tfi 1 with ip l £ C °°(]R 3 ; A'R 3 ). Assume that v x = J^l v i> defined by 



(3.3) v 1 =P(d + 6;Kx,Hi,u) t wi, 
satisfies v\ + vf = 0. Let v 2 = J2o v 2 with v 2 € #io C ( R: 

(3.4) P(d + 5; 72 ,/i 2 ,w)*« 2 =0 

in any bounded open subset ofM 3 . Then C\ = C 2 implies 

(Q(72,M2,w) - Q(7i,Mii w ))^i w 2 



satisfy 



0. 

Proof. By Remark 2.2 and because 7i(x) = 7 2 (x) and /ii(x) = /i 2 (x) for all x € 
f2, we know that 

((Q(72)M2)W) - Q(7i,jui,a;))it)i w 2 
(P(d + 6; 72, fj, 2 ,oj) t Wx,P(d + 5; 72, /x 2 , w)*u 2 ) dx 

J 

(P(d + (5; 7x, /i 1( o;)*i0i, P(d + 6; 71, /ii, w)*u 2 ) da; 

(v%,P(d + 5; ji,fj,i,cj) t v 2 ) dx. 

The last equality follows from (3.4) and (3.3). 

Since + v 3 = 0, we have that u} + u\ = 7^ 1/,2 u{ + [i[ X ^ 2 v\ satisfies 

(3.5) <5it 2 + iuj^f\u\ — du\ + iujfiiul = 

almost everywhere in Q (see Section 2). The definitions of boundary traces Str and 
dtr (see Appendix A. 3) give 

(3.6) _ 

(vi,P(d + 8; 71, mi, w)*«a) dx = (^(71^) ^i^ 7 ^) + (<Str uf^ 2 ^) 



diru\ 7i^ 2 w|^ + ^c?tr(/ii?/ 1 ) 



-1/2 3 

Ml "2 



Suppose / = f 1 + f 2 with f £ L 



locV 



; A'M 3 ) is a weak solution to 



(3.7) Sf 2 + iLujif 1 - df 1 + iLo^f = 

in M 3 . Note that then f 1 £ H d (Q;A 1 R 3 ), f 2 £ H s (fl; A 2 M 3 ). Set g = g 1 + 5 2 
7 2 ^ 2 / 1 + /Lt^ 2 / 2 - By (3.4), we obviously have 

(g,P(d + 5;72,M2,w)*« 2 ) da; = °- 

Once more by the definitions of <5tr and dtr, we have 
(3.8) 







(g,P(d + $;7a > ji2 > w) t «a) dx = - ^tr( 72 / 1 ) 

rftr(/x 2 / 2 



7 2 



1/2 1 

/V w 2 



(dtr/ 1 



1/2 2 

72 W 2 



1 /2„,3 
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Since 5tru 2 + dtru\ G C\ = C 2 by assumption, there exists 1*2 = u\ 



with 



1 



<5tr(c5u 2 ; 



7 2 



— /dtr (c?it} N 



-1/2 3 
M 2 «2 



— (dtitdul) 



u\ e H d {Q] A 1 ^ 3 ) and e H S (Q; A 2 R 3 ) a solution to (3.7) in fi such that 

dtvul + <itru] = Stru 2 + dtru\. 

Define 2 f(x) — U2(x) for almost every x € il and f(x) = Ui(x) for almost every 
x £ R 3 \f2. Using (3.6) and (3.8) and noting that 71 (x) = 72 (x) and /ii(x) = ^(x) 
for all x € 951, we can conclude 

(Q(72,^2, w) - Q(7i,/xi,w))u;i v 2 ) = -- 

-(5tr(^)7 2 - 1/2 «2° 
iui \ 

The result follows by Lemma A. 5. □ 

4. The construction of CGO solutions 

In this section we construct the CGO solutions that will be plugged into the 
integral formula in Proposition 3.1. To deal with less regular electromagnetic coef- 
ficients than that of [19], we adopt Bourgain-type spaces introduced by Haberman 
and Tataru in [10]. 

Let C = Si Qdx^ be a constant 1-differential form in R 3 and let denote the 
polynomial 

pc(0 = l€i 2 -2i <c,C>- 



For any t £ 1. 
w l £ S'(R 3 ;A Z 1 

The functional 



let X^ denote the space of graded forms w = J^o wl such that 
i ) and its Fourier transform 

^eZ 2 (R 3 ,|p c | 26 d£;A'R 3 ). 



w e X, 




1/2 



L 2 (E3;A i R3) 



makes X h ^ a normed space. Moreover, if b < 1, then X^- is a Hilbert space. As in 

. 1/2 

[10], we will only use the cases where b £ {1/2,-1/2}. Note that X^ ' can be 

• 1/2 

identified as the dual space of X^ . The simplest feature of these spaces is that 
the operator (Af + (CO) -1 (defined by the symbol (f><;) _1 ) is a bounded linear 

* — 1 /2 '1 /2 

operator from to with norm 

||(A C + (CO)" 11 



(4.1) 



IX, 



-1/2 



•,1/2 



= 1. 



Let A^ denote the conjugate operator A^ = e-^(dS + 5d) o where e^(x) 
and C • x = J^i Cj x3 - 



' —1/2 

Remark 4.1. Given f £ , it is an obvious consequence of the definition of 

X^ 2 that there exists a unique u £ X^ 2 satisfying 

A c u+(£,Qu = f. 



Remark 4.2. If u £ X^ /2 with w = Eo then M ' e ^(R 3 ; A ; R 3 ). TTu's is a 
simple consequence of (5) and (6) in Lemma 2.2 of [10] and the Enite band property 
(sometimes called Bernstein's inequality). 



2 This definition satisfies the appropriate conditions since 71 (x) = 72(2) and m(x) = A*2(a;) for 
all 1 E I 3 \ SI. 
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4.1. The construction of W\. Let £1 be a complex-valued constant 1-form in R 3 
satisfying (Ci> Cl) = ~k 2 where k = w 1 / 2 /i £o- We are looking for w\ — w i with 
w[ G H^ oc (R 3 ; A'R 3 ) the solution to (3.2) of the form 



(4.2) 



wi = e fl (A Cl + R Cl ) 



with a constant graded differential form in R 3 and G X^ 2 . Moreover, we 
want i?^ to bear certain sense of smallness. Note that this is equivalent to finding 
R ( ^ 1 that solves 



(4.3) 



(A Cl - k 2 )R Cl +Q(7i,/ii,w)i? fl = -Q(7i,^i,w)A Cl 



in X.V 2 . Note that Q(7i, fii, ^)A^ G A^ 1 ^ 2 . In the scalar case, this was done in 
[10] for such Bourgain-type spaces. In the original case of smooth coefficients, such 
equation was solved in weighted L 2 spaces in [23] for the scalar case and in [19] for 
systems. 

Lemma 4.3. Let (f and A^ be as above. For \C,i\ large enough, there exists a 
solution R^ G X^ 2 to (4.3) such that 

(4-4) Pcillx 1 / 2 £ 113(71,/^)^ |U-i/= , 

Cl Ci 

where the implicit constant (incorporated in the symbol <) is independent of £j. 
Proof. By using a Neumann series argument (see [23]), we can show the existence 

' 1/2 

of G X^ satisfying 

ll-RCill^ 1 ^ < \\(I + {A Cl - /j 2 )" 1 Q(7i,pii,a;))" 1 ||^i/2^i/2 ||Q(7i,/ii,a;L4 Cl ||^-i/2 

Cl Ci Ci Ci 

for |£i | large enough, as a simple consequence of (4.1) and 
(4.5) 



||Q(7i,/ii,u;)|Ui/2 ^-i/ 2 = o(l(|Ci|)). 

Cl Ci 



Here l(i) = 1 for any t G R. 

To prove (4.5), let u and v belong to X^ . By a slight modification of Corollary 
2.1 in [10] we have that 



[QdufJ-U^uv) < |Ci| 1 |M|^i/2 IMI^i/2 
(ot h , d (-u° + u 2 , v° + v 2 )) + {p h , d (u 1 - u 3 , ip 1 + v 3 )) dx 



+ 



(a h ,D*(*u 2 *v 2 )) dx 



+ 



(dai - a h ,d(-u° + u 2 ,v° + v 2 )) + {dbi - Ph,d{u l - u 3 ,^ 1 + v 3 )) dx 



{dh- PhiD^u 1 Qv 1 )) dx 



(dai — ah, D*(*u 2 *v 2 )) dx 



where ah and fdh are 1-forms in R 3 defined by 

a h = iph * dai, /3 h = (fih* dbi 

(here * denotes convolution) with < h < 1, <fh{x) — h~ 3 (p(x/h), (p G C{f 
< <p(x) < 1 for all x G R 3 and J R3 ipdx = 1. Note that the implicit constant 
depends on Eq, /xq, ^ and the C^-norms of 71 and fjL\. A further modification of 
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Lemma 2.3 in [10] gives 

(Q(7i>M1) w )" w ) < ICiT 1 IMI^i/2 ||u||^i/2 
+ 1 Ci I ^ 1 (ll*Q!/.|li«.(K3) + ll%|| ioo(R3) J ||w||^l/2 ||w||^l/2 

+ ^||dOl - a h \\ L oo (ffi 3) + - /3ft || L oo (R3) ) ||«|| _£l/2 ||U|| j.1/2 

^(Kxl-'h-' + omh^WuW^WvW^ 

Ci Ci 

as /i vanishes. Choosing /i = |Ci| _1 / 2 i this implies (4.1) and the lemma is proven. 

□ 

Up to this point, nothing has been said about the smallness of R^ 1 . We will see 
in the next lemma that estimate (4.4) yields such smallness in an average sense. 
This idea, due to Haberman and Tataru, is one of the key points in [10]. 

Lemma 4.4. Let s£M satisfy s > 1. Given a real-valued constant 1-form p in R 3 , 
choose rji and r/2 also real-valued constant l-forms such that (771, 772) = 0, (rjj, p) = 
and |y7j| = 1 for j e {1, 2}. Set 



Ci = - \/s 2 + m + i { S - Vs 2 + k 2 Tj'2 i . 



and assume \A^A is bounded as a function of s,rj\. Then the Rq x obtained in 
Lemma 4.3 satisfies 



1 



2A 

2 



(4.6) -/ / IKJ^/2 ds dr?i = o(l(A)) 

as A becomes large. Here S 1 denotes the intersection between the unit sphere in 
R 3 and the plane defined by r\\ and r/2 ■ 

Proof. By the definition of Q(7i, fit, to), the identity (2.13), the fact that Aq 1 is 
constant and that Q(7i, Pi,u) is compactly supported, we have 

<«■■■-;-»• 1* J>'"- «*.- * 

where v — J2o "'i X 6 C^R 3 ) such that x( x ) = 1 f° r au x G suppc^yi U suppe^i 
and 

f Cl = dh A Al + dbx V {A\ x +A 3 Ci )+ da x A (A° Ci + A 2 J - do x V ^ 
with A Cl = Eo^Ci- By ( 5 ) in Lemma 2 - 2 of I 10 ]. this 

gives that 

||Q(7i,/xi,u;)A Cl || ^-1/2 < s- 1 ' 2 + || X (d + S)f (l || ^-1/2 . 

Cl Cl 

Now, an immediate modification of Lemma 3.1 in [10] allows to check that 

~ / r + ^ i^- i/2 ds ^ = ^w)' 

^Js^Jx Ci 

which implies 

(4.7) T / / 110(71^1,^11^/2 da d»ji = o(l(A)) 



A 



s'Jj " x ci 



as A becomes large. By (4.4), we obtain (4.6). □ 
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' 1 /2 

From the construction of E XJ solving (4.3), the existence of W\ of the 
form (4.2) that solves (3.2) is immediate. However, it turns out that for such wi to 
satisfy the condition in Proposition 3.1, the constant 1-form has to be chosen 
carefully. 

Lemma 4.5. Let w\ — Ym=o w i as m (4-2) with £i, Aq 1 and as in Lemma 4.3. 
Then w[ € -ff^R 3 ; A'R 3 ) and w\ is a solution of (3.2). Moreover, if A^ satisfies 
the relation 

(4.8) - Ci V A\ % + ikA° Cl - Ci A A\ + ikAl = 0, 

then vi = J^o v i defined as in (3.3) satisfies v® + v 3 = for |Ci| iarge enough. 

Proof. We can ensure w[ is in H^ oc (M. 3 ] A Z R 3 ) since i? Cl G X^ 2 (See Remark 4.2). 
Additionally, wi is a solution of (3.2) since R Cl E X 1 ^ 2 solves 3 (4.3). 

In order to prove the second part of this lemma, note that v[ € iJ^^R 3 ; A'R 3 ) 
and 

P(d + 8;^i,ni,uS)v-i = 
in any bounded open subset of R 3 by Proposition 2.1. Then by Proposition 2.4 we 
know that v® + v 3 is a weak solution to 

(8d + dS- fc 2 )(v° + v 3 ) + g(7i,Mi, w)(u° + v?) = 
in R 3 . By (3.3), we can write v[ = e Cl (B l (i + S l (i ) with I E {0,3} where 
B° Ci =-( 1 VAl i + l kA Ci , 

(4.9) S£ = -6 V i£ + + d6 V (4, + i£ ) + tuj^^Rl 

+ l (co 1 1 1 /2 ^ /2 ~k)A° Ci , 
Bl^-dAAl+ikAl, 

(4.10) Si = -Ci A R 2 (l - dflg, + da A + R 2 (l ) + tw^ 2 ^^, 

+ z( W7l 1/2 M l /2 -^ 3 i . 

Then relation (4.8) implies B^ + B^ = hence that uj + w 3 = e fl (S£ + 5^) is a 
weak solution of 

(4.11) (A Cl -k 2 )(Sl+S 3 1 ) + q( lllt , ll u J )(S a Cl +Sl) = 
in M 3 . 

To complete the proof, it is sufficient to show that (4.11) is uniquely solvable in 
X^ 2 for |£i| large enough and + belongs to xV 2 . 

Using the same argument as in proving (4.5), we see that 5(71 , \i\ , lj) is a bounded 
linear operator from xV 2 to X^^ 2 and its operator norm is o(l ( | Ci I )) - Then, by 
Remark 4.1, identity (4.1) and the Banach fixed-point theorem, equation (4.11) is 
unique solvable in X^ for |£i| large enough. 

Since e Cl S l (i = v[ E ff^R 3 ; A'R 3 ) for I E {0,3}, we know that X (S° Cl + S 3 J E 

X^ 2 for x G C(j°(R 3 ) such that x( x ) — 1 f° r au x € (suppcfyi U suppd/ii). There- 
fore, the right hand side of 

(A Cl - fc 2 )(S° + Si) = -qfruwMQ + Si) 

is in X^ 2 . Further, it is not hard to see from (4.9) and (4.10) that S 1 ^ belongs to 
.^(R 3 ; A ; R 3) with 1 e { 0j 3} The last tw0 facts imply that 50 + 53 e j^V2_ n 

3 See also (A. 18). 
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Remark 4.6. The condition given by (4.8) is necessary in our proof since B^ + B^ 

'1/2 

does not belong to . 

As a conclusion of these lemmas, we can state the constructions of wi in the 
following theorem. 

Theorem 4.7. Let sd satisfy s > 1. Given a real-valued constant 1-form p in 
R 3 , choose rji and r\2 also real-valued constant l-forms in M. 3 such that {771 , 772) = 0, 
(77j,p) = and \r)j\ = 1 for j e {1, 2}. Set 



Ci = -y s 2 + ^j- Vl + * (| - V 7 * 2 + fc 2 " 2 
and 

/2 

A Cl = — (Ci V a + ifca + ifc,3 + Ci A /3) , 
ICil 

where either a — r\\ and (3 = or a — and (3 = \p\~ 1 n2 A p. Then for |Ci| iarge 
enough, there exists w± — J^o w i w ^h w i e ^ioc(^ 3 i A'R 3 ) of the form 

w 1 =e Cl (A Cl +R Cl ), 

which is a weak solution to 

(d5 + Sd — k 2 )wi + Q(ji, pi,uj)wi = 

o '1/2 

in R . Moreover, we have Rq 1 € X^' satishes 

2 A 



xjL/ ||i?ci|| ^r ds d7/i = o(1(A)) 



as A becomes large. Here S 1 denotes the intersection between the unit sphere in 
R 3 and the plane defined by r\\ and 772 . Furthermore, v\ = J2o v [ defined by 

vi = P(d + <5; 71, /ii,w)Vi 

satisfies v® + vf = for |Ci| large enough. 

4.2. The construction of V2- Let (2 be a complex- valued constant 1-form in 
R 3 satisfying (£2^2) = —k 2 . We are looking for the solution w 2 = J2o v 2 w ^ n 
v\ e Hl oc (R 3 ; A'R 3 ) to (3.4) in any bounded subset of R 3 of the form 

(4.12) v 2 = e C2 (S C2 +S C2 ) 

where B^ 2 is a constant graded differential form in R 3 and S^ 2 € -^c 2 ■ In addition, 
we want S{ 3 to be small in the sense of (4.6). To construct such 7*2, by Proposition 

2.3, we start with the construction of a solution 7^2 to 

(4.13) / (Sw 2 ,Sip) + (dw 2 ,d<p) - w 2 £oMo (w 2 , <p) dx + (Q (72,^2, u)w 2 (fi) = 
Jm. 3 x ' 

for all (f = Y,W with V 1 e Q>°(R 3 ; A'R 3 ). 

Lemma 4.8. Let A^ 2 — A 1 ^ + A 2 2 be a constant graded differential form in R 3 . 

For I £ 2 1 iarge enough, there exists R^ 2 = R^ 2 + R 2 2 G X^ 2 such that w 2 = w\ + io| 
with 

and tu 2 € iff^R 3 ; A'R 3 ), is a solution of (4.13) in R 3 . 



16 



Proof. Analogous to the proof of Lemma 4.3, the existence of a general R^ 2 = 
J2o f° r given constant A^ 2 —J2o * s immediate by 

Q(72,M2,W) = (1(|C 2 |)) 

J\ . — yyL . 

C 2 C2 

as IC2I becomes large. Since Q(72, /^2,w) decouples for 1 and 2 forms, therefore we 
can ensure that Rr., = R \ + Ri for Ac, = Al + A 2 - . □ 

^ 2 C2 C2 « <; 2 C2 

Now Proposition 2.3 states that 7J2 = P{d + 5; 72, /-t2) w)tW2 is then a solution to 
(3.4). Moreover, we can write v 2 as in(4.12). However, we need still to show the 
smallness of Sc 2 . 

Theorem 4.9. Let sel satisfy s > 1. Given a real-valued constant 1-form p in 
R 3 , we choose 771 and 772 two other real-valued constant 1-forms in M 3 such that 
(771,772) = 0, (77,, p) = and \ Vj \ = 1 for j € {1,2}. Set 



C2 = \/s 2 + ^- r7i + i f J + Vs 2 + k 



and a and /3 be as in Theorem 4.7. if IC2I JS ^arge enough, there exists v 2 = X)o u 2 
with u 2 € ifjo C (M 3 ; A'R 3 ) of the form 

v 2 =e <2 {B Q2 +%), 

where 

A2 

(4.14) B Ca = - j^(C2 V (a + + C2 A (-a + /3) + ik(a + /?)) 

K2I 

• 1 /2 

and S*^ € AV , which solves 

P(d + S;j 2 ,p 2 ,uj) t v 2 = 
in any bounded open subset of R 3 and satisfies 

(4.15) i/ / 2 ||5 Ca ||^i /9 da dm = o(l(A)) 

as A becomes large. Here S 1 denotes the intersection between the unit sphere in 
R 3 and the plane defined by 771 and 772 . 

Proof. Let w 2 be as in Lemma 4.8 with Ac 2 = A^ 2 + A 2 2 = —\/2(a + 0). By 
Proposition 2.3, we know that tj 2 = v l 2 dehncd by 

v 2 = P(d + 8; 72, (J.2, u)w 2 
satisfies that v l 2 € H{ oc (R 3 ; A l R 3 ) and solves 

(4.16) P{d + 5; l2l p 2 ,uj) t v 2 = 
in any bounded open subset of R 3 . One can easily write 

v 2 = e C2 (B (2 + Sc 2 ) 
and check that Bq 2 is given by (4.14) and 

% = ^((2 V (Rl + Rl) + C2 A (-Rl + R 2 ) + (d + S)(-Rl + R 2 2 ) 

|S2 I 

+ da 2 A (Al +R.U + da 2 V (A\ 2 + R\ 2 ) + db 2 A (A 2 2 + R 2 2 ) 

- db 2 V (A 2 2 +RD+ 7 W72 1/2 M2 /2 (^2 + R D + ^l2 2 £' 2 ~ + A D)- 

Moreover, by (4.16) and (2.7), we know that S^ 2 satisfies the familiar equation 

(4.17) (A f2 -fc 2 )5 C2 +Q( l2 ,p 2 ,ij)S (2 = -0(72,a*2,w)B ( 2- 
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Since Q (7 % p, 2 ,u))B£ 2 € X^ 1//2 , equation (4.17) is uniquely solvable in X^ 2 . 
Therefore, since S" C2 G X3 /2 and \B <2 \ = O ( 1 ( | C2 1 ) ) , S Ca satisfies (4.15). □ 



5. Proof of uniqueness 

To complete the proof of Theorem 1.1, the final step is to plug into the inte- 
gral formula given in Proposition 3.1 the w\ and v 2 obtained in Theorem 4.7 and 
Theorem 4.9 and to let A go to 00. The output turns out to be certain non-linear 
relations of 71, fii, 72, p, 2 and their weak partial derivatives up to the second or- 
der. Then a unique continuation principle argument can be used to conclude the 
uniqueness. 

Throughout this section we let Qj denote Q{-yj, p,j,u>) with j € {1,2}. If 

Ai = -(771 + irj 2 ) V a - (771 + ir) 2 ) A fi, 

B 2 = ~(vi + «») V (a + 0) - (971 + iiTa) A (-a + /?) 

with a and /3 as in Theorem 4.7, we see that, for any p, \A^ 1 — A\ \ + \B^ 2 — B 2 \ = 
C(s _1 ) for s large enough and all 771,772 G -S 1 . The implicit constant (incorporated 
in the symbol O) here depends on p. On the other hand, plugging w% and v 2 , as in 
Theorem 4.7 and Theorem 4.9, into Proposition 3.1 we get 



(Q 2 -Qi)e tp A 1 B 2 j = [(Qi - Q 2 )(A Cl + R Cl ) e ip {B <2 - B 2 + S C2 ) 
(Qi - Q 2 )B 2 e ip (A Cl - Ax + R Cl )) . 



'1/2 1 

We know that, for each p 1 Qj is bounded from X/_ to X^ 1/A and its norm is 
o(l(s)) for s large enough and all 771 (see (4.5) and the same applies to Q 2 ). The 
same is true for Qi — Q 2 from X^ 2 to X^^ 2 as an immediate consequence of the 
proof of Lemma 2.3 in [10]. Thus, for each p we have 

(5.1) 



-1/2 



{Q 2 - Q\)e ip Ai 

\\(Qi ' 



B, 
2)A Cl 



< 



A',: 



\{Qi-Q 2 )B 2 \ 



x 



1/2 



llx(^Ci -^1)11^/2 + 11% lUv 



X 



\\X( B C2 - B 2 )\\jyX/2 + ||5^ 2 |Ul/2 



where \ € Cg°(R ) such that x( x ) — 1 f° r au x G suppc^ U suppd/72. Here the 
implicit constant might depends on p. 

If a = 771 and /3 = 0, then = —1, £>2 = — 1 + i?72 A 771 and the left hand side 
of (5.1) gives 



(Q 2 ~ Q\)&% P A\ 



Bo) = 



(d(ai — a 2 ),dei P ) dx 



+ / (d(ai + a 2 ),d(a 2 - ai)) e ip dx + / w 2 (7i/Ji - j 2 fJ, 2 )e ip dx. 



(5.2) 



If a = and (3 = \p\ 1 rj 2 A p, then A\ — —\p\ l rji Ar) 2 Ap, B 2 = -\p\ 1 (r)i + ir) 2 ) V 
(772 A p) — I p I 1 T71 A 772 A p and we have 



(5.3) 



(Q2 ~ Qi)e ip Ai 



B 2 ) = 



(d(bi - b 2 ),de ip ) dx 



+ (d(bi + b 2 ),d(b 2 -bi)}e ip dx+ w 2 (7i/ji - j 2 fj, 2 )e ip dx. 
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Meanwhile, by the choice of A\ and B 2 above, we have 

r2X \ ^ 2 



S 1 J X 



\\ X (A Cl -AOII^p dsd V 



0(1(A)), 



2 A 



1/2 



S 1 JA 



||x(s C2 -s 2 ) 



A' 



<2 



ds dr;i 



= 0(1(A)). 



Then after averaging (5.1) 011 (s,t^i) £ [A, 2A] x S 1 and using the Cauchy-Schwartz 
inequality, we get 



(<?2 - QxjeipAx 



< 



[O(l(A)) + (l(A))] 



(\J sl J x \\(Qi - Q2)B 2 \\ 2 x-i,2 ds d m 



-[O(l(A)) + (l(A))] 



2 A 



1/2 



\(Qi 



s 1 J\ 



X 



-1/2 



<2 



ds dr/i 



1/2 



(1(A)) 



where Theorem 4.7 and Theorem 4.9 are used. It is not hard to see this converges 
to zero as A goes to 00 by the same argument we used in proving (4.7) and noticing 
that the left hand side is independent of A. Thus, by (5.2) and (5.3) we arrive at 



(d(a 2 - ai), de ip ) dx - / (d(ai + a 2 ), d(a 2 - ai)) e lp dx 



+ / w 2 (72A* 2 - jini)e ip dx = 



(d(b 2 - 61), de ip ) dx 



(d{bi + 6 2 ), d(b 2 - 61)) e ip dx 



(5.4) 



and 



(5.5) 



for any p. So far, this shows that 

5d(a 2 - a{) - {d(a x + a 2 ),d(a 2 - a%)) + aj 2 (j 2 p 2 - 71/ii) = 0, 
Sd(b 2 - bi) - (d(bi + b 2 ), d(b 2 - 61)) + lu 2 (j 2 ^2 - 7i/*ii) = 0, 

a system that has to be understood in the weak sense. Finally, some simple com- 
putations yield a system of second order equations of the form 



+ / w 2 (72^ 2 - jipi)e ip dx = 



-A( 72 1/2 - 7i 1/2 ) + n 72 1/2 " 7i 1/2 ) + «(72 1/2 - 7?") + - M^) = 



-A(^2 /2 - /4 /2 ) + W(p 2 



l/2_ M l/2, 



C (M2 /2 -Ml /2 )+d(72 /Z -7i 1/Z ) = 0, 



again in the weak sense with 

6d(rfl 



v 



1/2 -7 2 1/2 ) 



1/2 1/2 
7i +7 2 



W 



Sd(fi 1 



1/2 -M 2 /2 ) 



1/2 1/2 
Mi + M 2 



and 



a = 1j2W 2 7 1 1/2 7 2 1/2 (mi + Ma), 



1/2 1/2 

-. 2 1/2 1/2/ . sMl + M2 

-low 7i 7 2 (7i+72)-;75 777' 



c = l s - 2 w 2 /_4 / ' 2 ^2 / ' 2 (7i + 72), d = -ln^Mi^M^CMi + Ma) 



2,1/2 1/2/ 



1/2 . 1/2 : 
7l +72 
1/2 . 1/2 
, 7l +72 
1/2 1/2' 

Mi + M 2 
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1/2 1/2 1/2 

where In is the characteristic function of f2. Note that 7 2 — 7i and /i 2 — 
^ 2 belong to i/ 1 (M 3 ) and they are compactly supported. Thus, the next unique 
continuation result implies that 72 = 71 and /12 = 

Lemma 5.1. Let f and g belong to if 1 (R 3 ) and assume that they are compactly- 
supported. Then, f and g vanish if and only if they satisfy 

-A/ + Vf + 0/ + bg = 
-Ag + Wg + eg + df = 0. 



(5.6) 



Proof. Let C G C™ satisfies £ • £ = 0. Set u(x) = e^ x f{x) and v(x) = e^ x g{x). 
Since / and g belong to iT 1 (K. 3 ) and they are compactly supported, then u and v 
also belong to H 1 (R 3 ) and, consequently, to X^ 2 . Moreover, u and v solve 

, 7) f -(A + 2C- V)u + Vu + au + bv = 0, 

[ ' \ -{A + 2(-\7)v + Wv + cv + du = 0. 

Let w — w + u; 3 be the graded form given by w — u and w 3 = *v and define 

/^(7i 1/2 + 72 1/2 ),rf y^? /2 \d^+ / H° + 6 W 3 ,^)dx 
\ 7i +7 2 / ^ 

+cw; 3 ,( ( 9 3 ) dx 




for any ip = ip° + (p 3 with ip l G ff^R 3 ; A'M 3 ). Then w € X^ 2 and (5.7) reads 
(5.8) A c w + Qw = 0. 

Here we have identified £ with a 1-form also denoted by (. Following the same 
argument as in Lemma 4.3, we can prove 

(5-9) ||Q|| il/ »_> jt -v» = o(l(|CD) 

c c 

as |C| becomes large. Then, Remark 4.1, identity (4.1), (5.9) and the Banach fixed- 

' 1 /2 

point theorem imply that (5.8) has a unique solution belonging to X^ . Therefore, 
w = which in turn implies / = g = 0. □ 

Appendix A. The framework of differential forms 

To make the paper more self-contained, the content of this appendix includes 
the following. We start with collecting several basics required in the framework 
of differential forms and the basic functional spaces and properties for the current 
discussion of PDEs. Then we show a useful identity and a technical lemma used 
in the paper, and end our discussion with recalling basic facts about the Fourier 
transform of graded forms. 

A.l. Tools of multivariable calculus. For x G M™ and n e N\{0}, let T x R n 
denote the complex vector space of distributions X of order one in R ra satisfying 
suppA = {x} and (X\c) = for any constant function c (See Theorem 2.3.4 in 
[11] for the justification of this definition). Such X can be uniquely extended to 
a linear form on C 1 (R"), the space of continuously differentiable functions in R™. 
Let d x j \ x denote the distribution given by 



d x i\ x <t>) = d x j(j){x) 



for any G C 1 (R n ). The set {d x i\ x , . . .,d x n\ x } is a base of T x W l . Let T^R™ de- 
note the dual vector space of T x M. n with {da; 1 ^, . . . , dx n \ x } being the dual base. 
We define on T*R™ the inner product (., .) given by the bilinear extension of 
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{dx 3 : \ x , dx k \ x ) — 5jk, with 5.. being the Kronecker delta. Note that it is not an 
Hermitian product. 

A.l.l. Differential forms. Let A'lR™ with I G {0,1,..., n} and n > 2 denote the 
smooth complex vector bundle over K™ whose fiber at x G W 1 consists in A l T*R n 
the Z-fold exterior product of T*R™. By convention, a 0-fold is just a complex 
number and a 1-fold is an element of T*R n . Let E be a non-empty subset of M™, 
an Worm on E is a section u of A'lR™ over £7, so u(x) — u\ x G A'T*R" for any 
x £ E. Any Worm on _E with Z G {1, . . . , n} can be written as 

u = u * dx ai A • • • A dx ai 

a£S l 

with S l = {(a\, . . . , ai) G {1, . . . , n} 1 : a>i < ■ ■ ■ < a/} and u Q : — ► C. It is 
convenient to call u a with a G S the component functions of u. 

The exterior product of an Z-form u and an m-form v, both on i?, is denoted by 
(it A v)(x) — u\ x A w| x for any x £ E. Recall that the exterior product is bilinear, 
associative and anti-commutative: 

(A.l) uA v = {-l) lm vAu. 

Since a 0-form v on E is nothing but a map from E to C, it holds that u A v = 
v A u — vu for any Z-form u on E. 

The inner product of two /-forms on E with / G {2, . . . , n} can be defined at each 
point x G E as the bilinear extension of 

{{dx ai A • • • A da; Q! )U {daP 1 A • • • A dx A )U) - det (dx^ | x ,da^*| x ) , 

where the right hand side stands for the determinant of the matrix 

((dx a ^\ x ,dx^\ x )) jk . 

The inner product of two 0-forms is just the usual product of functions. The inner 
product on /-forms can be immediately extended to graded forms u(x) = u l (x) 
and v(x) = v l (x) on E, with u l and v l Worms on E, as follows 

n 

(u,v) (x) = Y (u l \ x ,v l \ x ) . 

1=0 

Associated to this inner product, we consider the norm satisfying |u| 2 = (u,u). 

Let now T*K™ be endowed with an orientation. The Hodge star operator of an 
Worm on E with — l}is defined at each point x G E as the linear 

extension of 

*(dx ai A • • • A dx°")\ x = (dx f31 A • • • A dx f3 —')\ x , 

where . . . , /?„_;) G {1, . . . , n} n ~ l is chosen such that 

{dx ai ,...dx ai ,dx fjl ,...,dx f3 "- 1 } 

is a positive base of T*R n . The case of 0-forms and n- forms follows from 

*l\ x = (dx 1 A • • • A dx n )\ x , *(dx x A • • • A dx n )\ x = l| x , 

where 1 denotes the constant function taking the value 1 at any point. Now, if u 
and v are Worms on E, then 

(A.2) **u(x) = (-l) l(n - l) u(x), 

(A.3) (u, v) (x) = *(u\ x A *v\ x ) = *(v\ x A *u\ x ), 

(A.4) (m, v) = (*u, *v) . 
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Let u be an Z-form on E and let v an m-form on E. The vee product of v and u at 
each point x G E is defined as 

(A.5) (« V u)(a:) = (-l)( n + m ~ W~ m > * (t,| a A *«| B ). 

Note that whenever m > I, (v\/u)(x) — for all x £ E. The vee product is bilinear 
but it is neither associative nor commutative. The product satisfies 

(A. 6) (w A v,u) = (w, v V u) 

for any fc-form w on E. 

Proposition A.l. If u and v are l-forms and w is an l-form with I G {0, . . . , n}, 

then 

(A. 7) u V (v A w) - u A (u V to) = (-1)' (u, u) w. 

Corollary A. 2. If u 1 and v 1 are l-forms and u l and v l are l-forms with I € 
{0, . . . , n}, then 

(u 1 Vu l ,v 1 V v l ) + (v 1 /\u\u l A v l ) = (u 1 ^ 1 ) (u l ,v l ) . 

Proof. Since 

(m 1 V u\ v 1 V v l ) + (v 1 A u l , u 1 A v l ) = 
= (u 1 V {v 1 A u 1 ) - v 1 A (u 1 V u l ),v l ) 

the identity follows from (A. 7). □ 

Let G be a non-empty open subset of W 1 and k a positive integer, an Z-form u on G 
with / € {1, . . . , n} is said to be fc-times continuously differentiable if its component 
functions are fc-times continuously differentiable in G, we write u <= C k (G; A l W l ). 
If u G C k (G; A'K") for any positive integer k, we say that u is smooth and we write 
u G C 00 (G; A'M"). Furthermore, u G C k (G; A'R") (resp., u G C°°(G; A'R")) is said 
to be compactly supported if its component functions are compactly supported in 
G, in which case we write u G G^°(G; A'R") (resp., u G G^°(G; A'R™)). These 
definitions are naturally generalized to 0-forms, where the conventional function 
space notations are also used. 

The exterior derivative of u G G 1 (G; A°M n ) is a l-form defined by 



du\ x {X) = (x\ Xx u) 



for each x G G and X G T x R n . Here \ x G Cfi°(G) with = 1 on G, and x^u 

is understood as the extension of u by zero outside G. The exterior derivative of 
u G G J (G; A'M") with Z G {1, . . . , n} is defined by 

du = ^2 du a A dx ai A • • • A dx°" . 

a£S l 

Recall that d(du) = for any u G G 2 (G; A ; R 3 ) and 
(A.8) d(u Av) — du Av + (—l) l u A dv, 

for any u G G^G; A Z R 3 ) and v G G X (G; A m R 3 ). 

A. 1.2. Symmetric tensors. Let E'R" with I G N and n > 2 denote the smooth 
complex vector bundle over R" whose fiber at x G R" consists in E J T*R n the l- 
fold symmetric tensor product of T*M. n . By convention, a 0-fold is just a complex 
number and a 1-fold is an element of T*M. n . Let E be a non-empty subset of R™, 
an Z-symmetric tensor on E is a section u of S ! R n over E, so u(x) = G £*T*R" 
for any x £ E. Any /-symmetric tensor on _E with / G {1, . . . , n} can be written as 

u= ^2 u a dx ai • • • dx a > 

a£T> 
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with T l = {(ai,..., ai) G {1, . . . , n} 1 : oil < ■ ■ ■ < a{\ and u a : E — > C. It is 
convenient to call u a with a G T l the component functions of u and to point out 
that S'T*R" = A Z T*R™ for Z G {0,1}, which in turn implies S'lR" = A l R n for 
Zg{0,1}. 

The symmetric tensor product of an ^-symmetric tensor u and an m-symmetric 
tensor v, both on E, is denoted by (uQv)(x) = u\ x Qv\ x for any x G E. Recall that 
the symmetric tensor product is bilinear, associative and commutative. Moreover, 
if u and v are 1-symmetric tensors, then 

U0U = -(U&V + V&U). 

The inner product of two Z-symmetric tensors on E with Z G N \ {0,1} can be 
defined at each point x G E as the bilinear extension of 

{(dx ai Q---Qdx a ')\ x ,{dx^ ©•••0dx ft )U) - |det(cte Q '| x ,<foA| x )| . 

Let G be a non-empty open subset of R™, an Z-symmetric tensor u on G with I G N 
is said to be fc-times continuously diffcrcntiablc if its component functions are k- 
times continuously differentiable in G, and we write u G C k (G; E'R"). Furthermore, 
u G G fe (G; E'R") with ( e N is said to be compactly supported if its component 
functions are compactly supported in G, and we write u G G fe (G; S'R"). These 
definitions extend naturally to 0-symmetric tensors on G. 

The symmetric derivative of a smooth /-symmetric tensor u on G with Z G N\ {0} 
is defined by 

Du = du * © dxai © ' ' ' © dx ai . 

aET 1 

A. 2. Functional spaces. Let L\ oc (E] A'K") denote the space of locally integrable 
Worms (whose component functions are in L\ oc {E)) modulo those which vanish 
almost everywhere (a. e. for short) in E. The space L P (E; A'R"), with p G [1, +oo), 
consists of all u G L\ oc (E; A l R n ) such that 



/ {u, u) p ^ 2 dx < +oo. 

J E 



Endowed with norm 

\ i/p 



II u IIlp(E;A'R") = (j £ ( u > u ) dxj , 

L P (E; A'lR") is a Banach space. Moreover, L 2 (E;A l R n ) is a Hilbcrt space. 

Let u G Ll c (G]A l R n ) with I G {l,...,n}. We say that v G L\ oc {G\ A' _1 lR n ) is 
the formal adjoint derivative of u, denoted by v — Su, if 



L 



(v,w) dx — / (u,dw) dx 

G JG 



for any w G Gq(G; A' _1 K"). If u G L\ oc (G; A°K"), we define Su = 0. For all 
u G ii oc (G; A'R") with Z G {0,...,n} such that du G L\ oc (G; A' _1 lR n ) one has 
<5(<5u) = 0. Moreover, if u G G 1 (G; A l R n ), then 

(A.9) (5w= (-1)™( (+1 ) +1 

Proposition A.3. Consider u G L\ oc (G] A l W l ) and v G C 1 (G;A m R n ). If du G 
£i" oc (G; A' _1 ]R™), then S(vVu) G L\ oc {G; A i_m_1 ]R™) and 

(A.10) %Vu) = (-l)^ m dwVw + wV(5M. 
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Let u e L\ oc {G] A l R n ) with I e {0, . . . , (n-1)}. We say that v G L 1 1 oc (G; A' +1 R n ) 
is the (weak) exterior derivative of u, denoted by v — du if 



(v,w) dx = (u,Sw) dx 

' G JG 

for any w G Cg (G; A' +1 R"). If u G L 1 1 oc (G; A n R ra ), we define = 0. For all 
u G Lj oc (G; A Z E") with Z G {0, ...,n} such that G L\ oc (G\ A' +1 M") one has 
d(rfu) = 0. 

Proposition A.4. Let u G L\ oc {G] A l R n ) such that <5u € L\ oc {G) A !_1 R n ), then 
*d*u E L\ oc {G; A' _1 R") and 

(A.ll) 5u= (-l)"( i+1 > +1 *d*u. 

We now present certain Sobolev spaces of forms, in which our PDEs are discussed. 
Let H d (G; A'R") (resp., H s (G;A l R n )) denote the space of u G L 2 (G;A l W l ) such 
that du € L 2 (G;A l+1 W n ) (resp. Su G L 2 (G; A' -1 R n )), endowed with the norm 

/ 2 2 \ 1/2 

H d (G;A i R™) = \JMIl 2 (G;A ! R") + IWIi^GjA'+iRn) J 



resp. 



'lli?*(G;A ! R«) — (ll U lll, 2 (G;A ! R«) + ll^lli 2 (G;A 1_1 H n ) J 



1/2 



It is observed that H d (G; A'R") (resp., H S (G; A'R™)) isaHilbert space and C%(R n ; A l R n ) 
is dense in it. Let Hf oc (R n ; A'R") (resp., fff oc (R"; A'R")) denote the space of 
u G Ll oc (M. n ;A l R n ) such that u\ v € H d (U; A l R n ) (resp., u\ v G H S (U; A'R")) for 
any bounded non-empty open subset U in R™. 
Finally, by a density argument it holds that 



(A.12) / (du,v)dx= / (u,Sv) dx 

JM" Jm." 

for all u e H d {E n ;A l - 1 E n ) and v G F 5 (R";A'R") with le{l,...,n}. 

A. 3. Traces. Let U be a non-empty bounded open subset of R" . Let ff 1 (C/; A'R") 
denote the space of all u G L 2 (U ;A l R n ) whose component functions u a satisfy 
du a G L 2 (U; A 1 R") for all a G S', endowed with the norm 

1/2 

(A.13) IMIffi(£/;A ! R") = ( IMIl 2 ([/;A ! R") + X] II II i 2 ((7;A!R") 

a€S< 

Given G a non-empty open subset of R™, by H^ oc (G; A'R") we denote the space of 
u G Lj QC (G; A l R n ) such that u\u G H l (U; A l R n ) for any bounded non-empty open 
subset U of G. 

It is a consequence of (A.ll) that, for any u G i? 1 ([/ ; A R n ), one has 
( A - 14 ) ll u llff*((/;A'R«) < II w IIhmc/;A'R") • 

Let H£(U; A l R n ) denote the closure in H l {U] A l R n ) of G^°(t/; A'R") modulo those 
vanishing a. e. in U . We then define the space 

TH 1 (dU:A l R n ) = H x (U;A l R n )/Hl{U;A l R n ). 

If / G TH 1 (dU;A l R n ), let u f G H l (JJ] A l R n ) denote a representative of /. This 
space can be endowed with the norm 

H/llTffi(c3C/;A'R") = inI {ll"ll//i(C/;A'E") • U - Uf € H 1 (U ; A l R n )} . 

Let TH 1 ^!/; A l R")* denote the dual space of TH 1 {dU; A l R n ) with the functional 
II"IIth' 1 (9C/;A j R")* standing for the dual norm. 
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The latter spaces will be used as auxiliary spaces to define certain traces on 
H d (U;A l R n ) and H 5 {U;A l R n ). Firstly, define the d-trace of v £ H d {U; A l R n ) 
with I £ {0, . . . , n — 1} as 



dtr v 



{dv, u) dx 



(v, Su) dx 



for any / £ TH 1 (dU; A /+1 R") where u £ H 1 (U '; A i+1 R") such that u 
H^{U; A i+1 R"). Since (A.14) holds, we have 



u f £ 



dti v 



for all u £ H l (U; A m R n ) such that u - u f £ H^(U; A /+1 R n ). Hence dtrv £ 
T^idU; A l+1 R n )* and 



||dtri>| 



Ti? 1 (9C/;A J + 1 K«)* - \\ v \\ H d (U;A l l 



This motivates the definition of TH d (dU; A' +1 R") to be the space of all g £ 
T^idU; A' +1 R' 1 )* such that dtrv = g for some v £ H d (U; A'R"). The endowed 
norm is then given by 

\\9\\TH d (aU;A l + 1 R n ) = lu ^{\\ v lliJ"<i(C7";A J R«) ■ dtr V = g}. 

Finally, we define the 5-trace of v £ H S {U; A l R n ) with / £ {1, . . . , n} as 
(Stiv = J ( 5v > u ) dx-(-l) l J ( v , du ) dx 

for any / £ TH 1 (dU ; A i_1 R n ) where u £ H 1 ^; A' _1 E n ) such that u - u f £ 
Hq(U; A' -1 R"). Similarly we would have Stiv £ TH 1 (dU; A /_1 R n )* and 

||^tru|| TH1 ( ai7 . A ,_i Rn ^ < IMIif^c/iA'R") ■ 

Moreover, we define TH S (dU; A'~ 1 R n ) the space consisting of all g belonging to 
TH 1 (dU; A Z_1 R™)* such that there exists v £ H S (U; A'R") with Strv = g with 
norm 

ll5llTfl"*(S£/;A i - 1 K») = \\ V \\ ff*(l7;A'R») : ^ tr V = 9j- 

Then we will need the following lemma about these spaces 

Lemma A. 5. Given the definitions above, 

(a) ifu £ H d (U; A l R n ) with I £ {0, . . . , n - 2} and dtru = 0, then dtx{du) = 0; 

(b) ifu £ H 5 (U; A'R") with I £ {2, . . . , n} and Stvu = 0, then Stv(Su) = 0. 

Proof. In order to prove (a), let us consider the bounded linear operator (y V .) : 
TH d (dU; A'R n ) — > TH s (dU; A'~ 1 R n )* given by 



(vV f = / (du, v) dx — / (u, Sv) 



dx 



where u £ H d (U; A' _1 R n ), v £ H S (U; A'R"), dtvu = / and Strv = g. Here 
TH 5 (dU; A' _1 R™)* denotes the dual of TH s (dU ; A /_1 R"). Let u be as in (a) and 
g £ TH (U; A i+2 R"), then 



< dtr(du) 



v V dXxu 



5tr(5v g 



where v g £ H 1 (U \ A l+2 R n ) denotes a representative of g. Therefore (a) holds. 

Similar proof applies to (b) by considering the operator (W.) : TH s (dU ; A'R n ) 
TH d (dU: A' +1 R™)* defined by 



("Af\g) = (-l) l+1 f (Su,v) dx-(-l) l+1 f (u,dv) 



dx 
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where u E H 5 (U; A' +1 K n ), v E H d (U; A'R"), Stiu = f and dtrv = g. Wc will leave 
the proof to the readers. 

□ 

A. 4. A useful identity. Given G a non-empty open subset of R™, let L\ oc {G; S'R") 
denote the space of locally integrable ^-symmetric tensors (whose component func- 
tions are in L\ oc (E)) modulo those which vanish a. e. in E. 

For u E Ll oc (G:Y, l R n ) with I E N\ {1,2}, we say that v E L\ oc {G; £ i_1 R™) is 
the formal adjoint (symmetric) derivative of v, denoted by v = D*u, if 



/ (v,w) dx = I (u,Dw) dx 
Jg Jg 



for any w E Cq(G; £' _1 R"). 

Note that if u = Y^j=i u jdx^ and v = Y^j=i Vjdxi such that uQv E L\ oc (G; E 2 R") 
and D*{uQv) E L\ oc (G; T}R n ), then 



(A.15) 



fl*(ll0l)) = -^ d xi ( u j v k + UkVj) ) dx k . 

fe=l \j=l 



Proposition A. 6. Given u and v in Hl oc (G; A 1 R"), we have d (u, v) and D*(uQv) 
belong to L\ oc (G; A 1 M n ) and the following identity holds 

u V dv + v V du + Su V v + Sv V u = d (u, v) + D*(u v). 

A. 5. A technical lemma. Here we prove the following technical lemma. 

Lemma A.7. Assume u E Lf oc (R n ; A^R") and v E Lf oc (R n : A' +1 M") with I E 
{!,..., n- 1}. Ifdu + Sv E Lf oc (R n ; A ; R"), then 



y locV 
r ;A J-l R n> 



w G i/ 1 <5 oc (M";A' +1 R n ). 



Proof. In order to prove that du E Lf oc (R n ; A l R n ) and Sv E Lf oc (R n ; A'R"), we 
just need to show that for any compact subset K of R™ there exists a constant C 
(possibly depending on K) such that 



dv 



<ciMI 



1";A ! K") ' 



Sv 



<C|M| 



,i™;A ! R") 



for all (p E Cft°(R n ;A'R n ) with suppy; C K. Here (.|.) stands for the bracket for 
distributions. The equalities 



du 



60 



5v 



dip 







obviously hold for any ip E C^°(M"; A i_1 R") and any V € Cg°(R n ; A' +1 R"). By 
Hodge decomposition, this implies that it is enough to show 



du 



dip 



< C||d^Hl,2 oc ( R n ;A I M r, 



Sv 



H) < C f ||J^|| I ,j )c(R „ ;A i R , 



for all ip E Co°(R n ; A !_1 R™) and i/> E C^°(R"; A' +1 R") with suppy and supp^ 
contained in K. But this is now a simple consequence of the identities 



du 



dip 



and the fact that dv + Sv E Lf oc 



(du + 5v, dip) dx, ( Sv 
)• 



Sv: 



/ (dv + Sv, Sip) dx 



□ 
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A. 6. Fourier transform of forms and operator Af. An Z-form u with / £ 
{0, . . . ,n} is said to belong to the Schwartz space <S(R n ; A'R") if its component 
functions u a (a £ S l ) are in the Schwartz space S(R"). We can define the space 
S'(R n ; A z R ra ) of /-form-valued tempered distributions similarly. The Fourier Trans- 
form of u £ <S(R n ; A'R") is then defined by 

" = Yl ^ d Z ai A ... A dC € 5(M n ; A'M"). 

aeS 1 

The Fourier Transform u for u £ 5'(R n ; A'R") can be defined by duality. One can 
easily verify the following identities for u £ <S(R n ; A'R") 

(A.16) M0 = i£Au(0, M6=i(-i)^v«(0 

where £ £ R 3 \{0} can be viewed as a 1-form. For u,v £ L 2 (M. n ; A'R"), we have 
(A. 17) / (u,v) dx = I (u,v) dx, 



making Fourier Transform a unitary map on L 2 (R"; A'R"). 

Given £ = J^i Qjdx 3 a constant 1-differential form in R™. Consider the conju- 
gated Hodge-Laplacian operator A^ = e-((dS + Sd) o where e^(x) = e^' x and 
C • x = J2x CjX j . When acting on an /-form u £ H d (W l - A'R") n H s (R n ; A'R"), it 
reads 

A c u =(d5 + Sd)u + (-l) l d(C V u) + (A8u 
(A.18) C 



(understood in the weak sense). Furthermore, it is easy to verity that the symbol 
of A c is |£| 2 - 2i (C, - (d by (A.16). 
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